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Abstract. Let A be a C* -algebra. Let E and F be Hilbert A-modules with E 
being full. Suppose that 9 : E F is a, linear map preserving orthogonality, i.e., 

{9{x),6{y)) = whenever {x,y) — 0. 

We show in this article that if, in addition, A has real rank zero, and 9 is an 
^-module map (not assumed to be bounded), then there exists a central positive 
multiplier u E M [A] such that 

{9{x),9{y)) = u{x,y) ix,y e E). 

In the case when A is a standard C*-algebra or when A is a W^*-algebra contain- 
ing no finite type // direct summand, we also get the same conclusion with the 
assumption of 9 being an ^-module map weakened to being a local map. 



1. Introduction and Notations 

It is a common knowledge that, together with the hnearity, the inner product 
and the norm structures of a Hilbert space H determine each other. It might be 
a bit less well-known that the orthogonality structure also suffices to determine 
the inner product up to a scalar. This fact follows from the following easy ob- 
servation: for any x,y & H, \\x\\ = \\y\\ if and only if x + Xy is orthogonal to a; — 
\y for some scalar A with |A| = 1 (see also [S, E]). 

It is natural and interesting to ask whether the linear structure and orthogonality 
structure of a (complex) Hilbert C*-module determines its C*-algebra-valued inner 
product. More precisely, let A be a (complex) C*-algebra, and 6 : E ^ F he a C- 
linear map between Hilbert A-modules that preserves orthogonality (i.e. preserves 
zero A- valued inner products). We want to study to what extent, 9 will respect the 
A-valued inner products. When the underlying C*-algebra is C, it reduces to the 
case of Hilbert spaces. 

We first note that without any further assumption on 9, the above question might 
have a negative answer. 
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Example 1.1. Let H be an infinite dimensional (complex) Hilbert space and A = 
%{H) be the C*-algebra of all compact operators on H. Suppose that is a vector 
space that is conjugate-linear isomorphic to H. When equipped with the operations: 
'■= Vi ® ri2 and rJiT := T*rji (r/i, ^ G G A), we see that H \s a. Hilbert 
A-module. Suppose that 9 is any unbounded bijective C-linear map from H onto H. 
Since (x, ?/) = if and only if x = or y = 0, we see that both 9 and 9^^ preserves 
orthogonality. 

As we are dealing with Hilbert A-modules, a natural additional assumption is that 
9 is an A-module map, i.e., 9{xa) = 9{x)a {x & E,a & A). In [8], Ilisevic and Turnsek 
showed that if A is a standard C*-algebra, then for every orthogonality preserving 
A-module map 9 : E F, there is a scalar A > such that {9{x), 9{y)) = \{x,y) 
{x,y G -E). In particular, all such 9 are scalar multiples of isometrics. 

In [12j, under a weaker assumption on 9, namely 9 being "local", we get the 
same conclusion in the case when A is a commutative C*-algebra (in fact, the main 
difficulties in |12] come from the fact that A is not assumed to be an A-module 
map). Recall that a C-linear map 9 : E —>■ F is local if 

9{x)a = whenever xa = {x & E; a & A). 

Readers should find the idea of local linear maps familiar. For example, local linear 
maps on the space of smooth functions defined on a manifold modeled on MJ^ are 
exactly linear differential operators (see, e.g., |T7l HI]). See also [lOl E] for the 
vector- valued case, and [Ij for the Banach C^[0, l]-module setting. Notice that 
every module map is local, but local linear maps, e.g., linear differential operators, 
might not be a module map. Nevertheless, it has been shown in [HI Proposition 
A.l] that every bounded local map between Hilbert C*-modules is a module map. 

The results in [H] and [12] lead to the following conjecture. We remark that 
the fullness assumption of E in this conjecture is a necessity. Without this, the 
conclusion does not hold even in the case when A is commutative (see [121 3.6]). 
Here, a Hilbert A-module E is said to be full if the linear span of {{x, y) : x,y E E} 
is dense in A. 

Conjecture 1.2. Let A be a C*-algebra. Let E and F be Hilbert A-modules with E 
being full. If 9 : E ^ F is a ('C-linear) local map preserving orthogonality, i.e. for 
any x,y E E, 

{x,y) = implies {9{x),9{y)) = 0, 
then there is a central positive element u G M{A) such that 

{9{x),9{y)) = u{x,y) {x,y E E). 

In this article, positive answers of this conjecture will be given in the following 
three cases: 

(1) A is a C*-algebra of real rank zero and 9 is an A-module map (Theorem [23]). 

(2) A is a standard C*-algebra (Corollary 13.21) . 
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(3) y4 is a iy*-algebra with no finite type II direct summand (Corollary I3.3p . 

As a final remark for the introduction, we note that, unlike the situation in some 
other literatures (e.g. [7]), 6 is not assumed to be bounded, for the conceptual 
reasons as stated in the beginning of this Introduction (but whose boundedness will 
be an automatic consequence of our results). 

Let us now give some notations that will be used throughout this article. In the 
following, y4 is a C*-algebra, E and F are Hilbert A- modules, and "^,6 : E —>■ F are 
orthogonality preserving C-linear maps, which are not assumed to be bounded. 

Let a G A+. We set C*(a) to be the C*-subalgebra generated by a, and c(a) 
to be the central cover of a, i.e., the smallest central element in A'^ dominating a 
(see, e.g., [ini 2.6.2]). If, in addition, G M+, we put ea{a,P] to be the spectral 
projections of a in A** corresponding to the set (a,/?] fl cr(a). 

We denote by Z{A) the center and by M{A) the space of all multipliers of A. On 
the other hand, Proj]^(y4) is the set of all norm-one (i.e., non-zero) projections in A. 
For any open projection p G Proj;^(y4**) (i.e., there exists an increasing net {at} in 
A+ such that Oj t p in the weak-*-topology), we denote by her(p) := pA**p fl A the 
hereditary C*-subalgebra associated to p. See, e.g., [1] for more information about 
open projections. 

2. Orthogonality preserving A-module maps when A has real rank 

ZERO 

We recall that A has real rank zero if every self-adjoint element in A can be 
approximated in norm by invertible self-adjoint elements. This implies, in particular, 
that the linear span of Proj]^(A) is norm dense in A (see, e.g., [S]). 

Let us start with the following easy lemma. Part (a) of which might be well-known 
but we give an argument here for completeness. 

Lemma 2.1. (a) Ifp G Proji(v4**) andb G Z{pA**p)+, then \\c{b)\\ = \\b\\, c{b)p = b 
and c{b)c{p) = c{b). 

(b) Suppose that A has real rank zero and E is full. If q & A** \ {0} is an open 
projection, there are r G Proji(A) and y G Er such that r = {y,y) < q. 

Proof (a) Since b < \\b\\l, we see that < 6 < c{b) < \\b\\l and ||c(6)|| = 
Clearly, c{b)p = pc{b)p > pbp = b. Conversely, as Z{pA**p) = Z{A**)p (see e.g. 
P 5.5.6]), there is a G Z{A**)+ with b = ap (note that 6^/^ G Z{A**)p). Thus, we 
have b = a^^'^pa^^'^ < a^^'^c(p)a^^'^ = ac{p). As ac{p) is central, c(6) < ac(p) and 
c{b)p = pc{b)p < ap = b. The last equality follows from [151 2.6.4] and the fact that 
bc{p) = b. 

(b) Note that her(g) 7^ (0), and also has real rank zero (see e.g. [5]). Moreover, Eq := 
£'-her(g) is a full (and, hence non-zero) Hilbert her(g)-module. Pick any x & Eq such 
that a := {x,x) is a norm one element in her(g). Let t G (0, 1/3) and b G her(g)_|_ 
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such that ||a — 6|| < t and a{b) = {Ai, A„} with Ai < ■ ■ ■ < A„ = (see e.g. [5]). 
Since > 2/3, we can choose s G [t, \\b\\] \ (j{h). If we set r := eft(s, 2] e Vm^i^A), 
then ||r — rar\\ < ||r — r6r|| + ||6 — a|| < 1. If c := r + Xl^il'" ~ rar)"' G then 
(rar)c = c{rar) = r and so, {xc^^'^,xc^^'^) = c^l'^rarc^^'^ = r. Finally, xc^^'^ E Er as 
c^/"^ is in the C*-subalgebra rAr + Cr. □ 

Proposition 2.2. Lei A he a unital C*-algebra of real rank zero. Suppose that 
9 : E ^ F is an A-module map preserving orthogonality, and there is an element 
Xq E E such that {xq, Xq) = 1. Then one can find u G Z{A)^ satisfying 

{e{x),e{y)) = u{x,y) ix,yEE). 

Proof. Let u := {9{xo), 9{xo)) G A^. For any symmetry w E A, a.s Xq + XqW and 
Xq — XqW are orthogonal to each other, so are 9{xo) + 9{xq)w and 9{xq) — 9{xq)w. 
Consequently, u + wu — uw — wuw = and u + uw — wu — wuw = (by taking 
adjoint). This tells us that u = wuw, and so, u E Z{A)+ (as A is generated by 
projections, and thus also by symmetries). Pick any z E E with {xo,z) = 0. Then 
z + Xo{z, z)^!"^ is also orthogonal to 2; — x^i^z, z)^!"^ . It follows from the orthogonality 
preserving property that 

{9{z),9{^z)) = {z,zy/'{9{xo),9{xo)){z,zy/' = u{z,z). 

For any y E E, the element z = y — xo{xo,y) is orthogonal to xq. Hence, 

{9{y),9{y)) = {y,x^){9{x^),9{x^)){x,,y) + {9{z),9{z)) = u{y,y). 

A polarization type argument implies that {9{x),9{y)) = u{x,y) {x,y E E). □ 

Theorem 2.3. Let A he a C* -algebra of real rank zero. Suppose that E is full, 
and 9 : E ^ F is an orthogonality preserving A-module map (not assumed to he 
bounded). There is u E Z{M{A))^ such that 

{9{x),9{y)) = u{x,y) {x,y E E). 

In particular, 9 is automatically bounded. 

Proof. Set 

P := {{x,p) E E X Pto}i{A) : {x,x) = p and xp = x}. 

Lemma [2TT] (b) tells us that P 7^ 0. Suppose that {x,p) E P. Then Ep is a full 
Hilbert pAp-modu\e and the restriction of 9 on Ep is an orthogonality preserving 
pAp-module map. Since p is the identity of the C*-algebra pAp and 9{Ep) C Fp, 
one can apply Proposition 12.21 to obtain bp E Z{pAp)^ that satisfies 

{9{x)p,9{y)p) = bp{xp,yp) {x,y E E). 

By Lemma [2.1( a). we have 



(2.1) pm^),Oiy))-c{bp){x,y))p = {x,yEE). 
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As the weak-*-closed linear span, J, of {{6{x),6{y)) — c{bp){x,y) : x,y E E} is 
an ideal of A**, there is a central projection qj G A** with / = qjA**. Since 
pqi = pqip = 0, we have c{p) < 1 — qi. Consequently, 

(2.2) c{p){e{x),e{y)) = c{p)c{bp){x,y) {x,y e E). 

Now, let D := {D C P : c(p)c(g) = whenever {y,q) G D}. If we equip 

D with the usual inclusion, then Zorn's Lemma gives a maximal element Dq = 
{{x^,p^)}j^r £ 25- Set go '■= V^^zr^iP-y) PT^oj^^A**), which is a central element. 
Observes that 1 — go will not dominate a non-trivial open projection. Indeed, if 
7^ g < 1 — go is an open projection, then Lemma 12.1( b) produces an element 
{y,r) G P such that r < q. Therefore, Dq U {{y,r)} G D which contradicts the 
maximality of Dq. We now claim that the *-homomorphism $ : A — q^A C A** 
defined by $(0) = goa is injective. Suppose on the contrary that there exists a G A^ 
with ||a|| = 1 and $(a) = 0. Take any e G (0,1), and put g^ to be the non-zero 
open projection ea(e, 1]. As a — eq^ > 0, we have g^go = qoQeQo < go«Q'o/e = 0. So, 
g^ < 1 — go which implies the contradiction that g^ = 0. 

As x^c{p^) = x^p^c{p^) = (7 G r), we see that x^ and xy are orthogonal if 
7 7^ 7'. We now claim that c(6^)'s are uniformly bounded (where G Z{p.^Ap^)^ 
is the element associated with (x^,p^) G P that satisfies (12.21) ). Suppose on the 
contrary that there are c{h^^) with ||c(6^^)|| = ||&7,J| > (n G N). Note that 
the orthogonal sum x := ^ convergent in norm in E. By the orthogonality 
preserving property of 9, Lemma [2. 1( a) as well as Equality (12. II) . for any m G N, 

{9{x), d{x)) = {6 (x^^/m) , e {x^^/m)) + {6 {x - x^^/m) ,e{x- x^^/m)) 

> {eix,jm),e{x,jm)) = ^(^^-)(^^-'^^-) = ^. 

As the norm of the last term goes to infinity as n — > 00, we reach a contradiction. 

Finally, let d be the weak-*-limit in A** of finite sums of the uniformly bounded 
mutually orthogonal elements c(6^) (see Lemma [2.1( a)). By Relation (12.21) and the 
fact that go is the weak-*-limit of finite sums of c(p^)'s, we have 

dqo{x,y) = qo{0{x),e{y)) G q^A {x,y E E). 

Since E is full, we see that d induces an element m G Z(M(gov4))+ such that 
mqo{x, y) = qo{9{x), 0{y)) (x, y E E). Since $ : A — go^ extends to a *-isomorphism 
$ : M{A) M(goA), there is m G Z{M{A))+ such that I>(m) = m. This means 
that 

^u{x,y)-{9{x),e{y))) = {x,y E E) 
which gives the required conclusion. □ 

Remark 2.4. Let A be a general C*-algebra. Suppose that there exist Hilbert A**- 
modules E and F containing E and F respectively, such that the Hilbert 74**-module 
structures extend the corresponding Hilbert A-module structures, and that 6 extends 
to an orthogonality preserving A**-module map 6 : E F. Then one can use 
Theorem 12.31 to show that 6 satisfies the conclusion of Conjecture 11.21 (since A** has 
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real rank zero). In the situation when 6' is a bounded orthogonahty preserving A- 
module map, we have tried E = E** and F = F** but encountered some difficulties 
in showing that 6** is orthogonality preserving. It was claimed in [7] that, when 6 
is bounded, such E, F and 9 could be found. However, instead of manipulating the 
difficulties in the arguments in [7], we are working on a proof of the general case, 
without the boundedness assumption on 9, using completely different ideas from 
those in this article, in [7j, in [S], nor in [T^ . 

3. Orthogonality preserving C-linear local maps 

In this section, we consider (C-linear) local maps (see the Introduction) that 
preserve orthogonality. Let us first give the following useful observation. 

Lemma 3.1. Let Aq be the *-algebra generated by all the idempotents in A. If 
: E F is a local map, then ^ is an A^-module map. 

Proof. Let p G A be an idempotent and x & E. As \I' is local, one has '^{x—xp)p = 0. 
If {ui} is an approximate unit for A, then (1 — p)ui G A will strictly converge to 
(1 —p). Since \l/(xp)(l — p)Ui = 0, we have (y, \E'(xp))(l — p) = lim (y, \E'(xp))(l — 
p)ui = (?/ G F). This implies that "^{xp) — '^{xp)p = \E'(xp)(l — p) = 0. Thus, 
'${x)p = "^{xp), and so ^(xf ) = \l/(x)f for any v G Aq. □ 

Note that if A has real rank zero, then Aq is dense in A. We remark however that 
Ao can be {0} (e.g. if A = Co(0, 1)). 

Recall that A is a standard C*-algebra on a Hilbert space H if %{H) C A C 
Cj{H). In this case, Aq contains a "big enough" ideal 3^{H) of A, in the sense that 
%{H) = 3^{H) is an essential ideal. As a consequence, we can use Lemma 13.11 and 
Theorem 12.31 to give a self-contained proof of the following slight extension of [H 
2.3] (note that the A-linearity is replaced by the local property). 

Corollary 3.2. (c.f. [81, 2.3]) Suppose that A is a standard C* -algebra on a Hilbert 
space H. If ^ : E ^ F is local and orthogonality preserving, then there is X E M+ 
such that 

{^{x),^{y)) = X{x,y) {x,yeE). 

Proof. By Lemma l3.ll "^{xv) = \I'(x)f for every finite rank operator v. Consider 
Eq := E ■ %{H) and Fq := F ■ %{H). Let {f^j^gr be an approximate unit in %{H) 
consisting of finite rank positive operators. For any y G -Eq, there exist a G %{H) 
and X E Eq with y = xa (by the Cohen factorization theorem), and 

'^iy)v-y = "^(xav^) = '^{x)av^ (7 G T) 

which shows that ||\l/(?/)f^ — \I'(x)a|| (along 7). Define ^ : Eq Fq hj setting 
$(y) to be the norm limit of '^{y)v^. As $(y) = \l/(x)a as well, we see that $(?/) 
depends neither on the choice of {f^j^gr, nor on the decomposition y = xa. If 
b G %{H), then 

^(yb) = $(xa6) = '^{x)ab = ^{y)b. 
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Moreover, if x,y G Eq with {x,y) = 0, then {x) , (y)) = which imphes that 
\l/(y)fy) = (7,7' G r), and so, ($(a;), $(?/)) = 0. On the other hand, 
since %{H) is simple, we see that either Eq is a full DC(if)-module or Eq = {0}. By 
Theorem EJl there exists A G Z{M{X{H)))+ = IR+ such that for every x,y E Eq, 
one has = \{x,y) (note that one can take any A if E'o = {0})- Thus, 

for any x,y E E and 7, 7' G F, 

V^(^(x), \E'(?/))fy = ($(xf^), = \{xv^,yv^i) = Af^(x, t/)fy. 

Consequently, if := (\E'(x), \E'(y)) — X{x,y) G A, then v^bx^yVy = (7,7' G F), 
which show that fo^^^y = (as f — > 1 in the strong operator topology). □ 

Corollary 3.3. Let A be a W*-algebra with no finite type 11 direct summand. If 
E is full and : E F is an orthogonality preserving local map, then there is 
u G Z{A)^ such that 

{^{x),^{y)) = u{x,y) {x,yEE). 



Proof. By Theorem 12.31 it suffices to show that \E' is an A-module map. Recall that 
there are mutually orthogonal central projections gn, ^21 and q^o in A summing up 
to 1 such that quA is a finite 14^*-algebra of type J, q2iA is a finite iy*-algebra of 
type 11, and qooA is a properly infinite iy*-algebra (see, e.g., [131 6.1.9]). Since A 
contains no finite type // direct summand, one has ^21 = 0. Thus, E = Equ (BEq^o- 
The restriction '^\Eqoo is an ( goo ^) -module map because of Lemma [3. II and the fact 
that every element a G qooA is a sum of at most five idempotents (see Theorem 
4]). Thus, it remains to verify the case when A is a finite iy*-algebra of type I. 

In this case, for each n G N, there exist a hyperstonean space fi„ (could be empty) 
and a projection g„ G Z{A) such that {qn} are orthogonal to one another, Xln?" 
weak-*-converges 1 and qnA = C(f2„) ® Mn (see e.g. [131 6.7.7]). Here we use the 
convention that C(f2„) = {0} if i7„ = 0. Let n G N such that fi„ 7^ and e G C(i7„) 
be the identity. Pick any rank one projection p G Mn- li r := e®p E Vio]i[qnA), 
then rAr is isomorphic to C(f2„). By Lemma [3.11 the induced map '^r '■ Er — *• Fr 
is an orthogonality preserving local map between Hilbert rAr-modules. Using [T^ 
3.5], we see that '^r is a rAr-module map. In particular, for any a E C(f2„) and 
X E E, one has 

^{x{a®p)) = ^rixr{a0l)r) = \I'r(xr)r(a ® /)r = ^(x){a®p), 

where / G M„ is the identity. Now, let {eki}ki=i be the matrix unit of M„. As 
eki+e^i+ekk+eu i(eki-e^i)+ekk+eu ^^^j^ projectious, we See that Cfc/ is a 
linear combinations of rank one projections. Since any a E qnA is of the form 
a = J27j=i ^ij ® % i^ij ^ C{fln)), we see that "^{xa) = \E'(x)a {x E E; a E qnA). It 
follows that for any x E E and a E A, 

^(xa)^gfc = ^Ixa^gfcj = "^{x) laJ^Qkj = (^(x)a)^gfc (n G N). 

fe=l \ fc=l / \ k=l / k=l 
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Consequently, for any y E F, we have {y, \l/(xa) — \l/(x)a) ^^^j^ = which imphes 
that {y, \l/(xa) — \l/(s)a) = 0, and so \l/(a;a) = \l/(x)a as required. □ 

We end this article with a result that could be a first step towards a positive 
answer for Conjecture 11.21 in the case when A has real rank zero (with 6 not being 
assumed to be an A-module map nor bounded). This result is also interesting by 
itself, and gives us a rough idea what kind of difficulties will come across without 
the A-linearity. 

Proposition 3.4. Let A be a unital C* -algebra of real rank zero, and Aq be the *- 
algebra generated by the idempotents in A. Suppose that there is an element xq E E 
such that {xo,Xo) = 1- If : E ^ F is a local map preserving orthogonality, then 
one can find u G Z{A)+ as well as an A^-submodule Eq C E containing xq with 
Eq = {0} such that 

{^{x),^(y)) = u{x,y) {x,yeEo). 

Proof. Define u := (\l/(xo), ^I/(a;o)) G A^. Note that by Lemma l3.ll \1/ is an Aq- 
module map. Thus, = '${x)w for any symmetry w E A (as w G Aq). Now, 

the argument of Proposition 12.21 tells us that u G Z{A)^. Let z E E such that 
{xq, z) = and {z, z) G Aq. Then z + xo is also orthogonal to z — Xo{z, z). It follows 
from the orthogonality preserving property and the Ao-linearity of \1/ that 

(^(z),^(2;)) = {^{xo),'^{xo)){z,z) = u{z,z). 

Let D := {D C E : Xq E D; {x,x) G Aq and {x,y) = for any x ^ y E D}. 
Take any maximal element M in 2), and define Eq to be the linear spans oi x ■ a 
(x G M; a G Aq). For any y E Eq, we know that {y,y), {xQ,y) E Aq. Thus, 
z = y-XQ{xo,y) is orthogonal to Xq and {z, z) = {y, y) - {y, Xq) {xq, y) E Aq. Hence, 
the above implies that 

{^{y),^{y)) = {y,Xo){^{xo),'^{xo)){xo,y) + {^{z),'^{z)) = u{y,y). 

A polarization type argument tells us that (\l/(x), \l/(?/)) = u{x,y) {x,y E Eq). 
Suppose on the contrary that there exists z E E with ||2;|| = 1 and {z,x) = for 
any x E Eq. Let a := {z,z) and g„ := ea{^, 1] {n E N). There exist d,b E C*{a)^ 
such that q5 < ab < 1, d < a, dq^ = aq^ and dq^ = d. As b^^'^d^/'^ < 1, b^^'^d^^'^q^ = 
b^/^a^/^q4 = q4 and b^/^d^^^q^ = b^l'^d^''^, we see that 

\\z-zb"^d^/Y = \\a-2ab'l^d^/^ + abd\\ < 2||a(l - 6^/^/2) || < 1/8. 

Since rf^^^ G her(g5), there exists c G y4onher(g5)+ such that lld"*^/^— c|| < 1/8 (because 
her(g5) also has real rank zero; see e.g. [5j). If z' := zb^^'^c, then {z', z') = cq^abq^c = 
E Aq (as afegs = gs) and ||^ - ^'H < - zb^/^d^/^\\ + || 261/2^1/2 _ ^5i/2^|| < ^3, 
which implies that z' 7^ 0. Moreover, {x, z') = {x, z)b^^'^c = for any x E M, we see 
that M U {z'} E D, which is a contradiction. □ 
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